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Abstract 

We establish a bijective correspondence involving a class of unital invo- 
lutive quantales and a class of non etale set groupoids whose space of 
units is a sober space. This class includes equivalence relations that arise 
from group actions. The resulting axiomatization of the class of quan- 
tales, as well as the correspondence defined here, extend the theory of 
etale groupoids and their quantales |13) . 
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1 Introduction 

Important examples of groupoids that are non etale abound. Typical examples 
are given by equivalence relations induced from group actions with fixed points. 
It is then natural to seek algebraic descriptions of these groupoids, analogously 
to what is done for instance in [9l [11] [13] in the context of groupoids that are 
etale. In this paper, we establish a bijective correspondence involving a class 
of unital involutive quantales and a class of groupoids whose set of units is 
a sober topological space. This correspondence extends, in a spatial setting, 
the correspondence between localic etale groupoids and inverse quantal frames 
defined in [O] . 

The correspondence in [13] has also been extended beyond the etale setting in 
[TU] , to a correspondence between open groupoids and open quantal frames. As 
their name suggests, these quantales satisfy the frame distributivity condition, 
but are not required to be unital (the inverse quantal frames in [T3] are exactly 
the unital open quantal frames in llOj). The correspondence defined in this 
paper covers an alternative extension: our quantales are unital, but do not need 
to be frames. 

As already observed in [10], the essential difference between the groupoid- 
quantale correspondence in the etale and in the non-etale setting lays in the role 
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played by the inverse semigroup of G-sets of a groupoid. Indeed, all the infor- 
mation needed to reconstruct any etale groupoid is encoded in the inverse semi- 
group formed by the germs of its local bisections. The quantales associated with 
both etale groupoids and inverse semigroups, i.e. the inverse quantal frames, be- 
ing characterized as the free join completions of the inverse semigroups, contain 
no extra information than the inverse semigroups themselves. However, in the 
non-etale setting, the inverse semigroup of G-sets is not enough to reconstruct 
the groupoid: the missing information governs the various possible ways in 
which any two G-sets of the groupoid intersect one another (notice that this is 
exactly the information content that becomes trivial in etale groupoids, because 
G-sets are closed under finite intersection). This extra information is stored in 
the quantale, which is why quantales are essential to this setting. In this paper, 
the role of germs in the reconstruction process is played by the classes of an 
equivalence relation that we refer to as the incidence relation, which encodes 
information on the incidence of any two G-sets at a point, in the language of 
quantales. 

As mentioned early on, our quantales are not in general frames. Correspond- 
ingly, their associated groupoids do not have a topological (or localic) structure 
on their spaces of arrows Gi . In place of topologies we use designated collections 
of G-sets that we refer to as selection bases (cf. Definition 13. 5p . Indeed, rather 
than being purely between quantales and groupoids, our correspondence is be- 
tween quantales and pairs {G, S) of groupoids and selection bases. In fact, these 
pairs can be regarded as categories on the topology of the space of units Go (cf. 
Remark 13. 7|) . This observation paves the way to a pointfree generalization of 
this correspondence, which we develop in the companion paper [8]. 

The results we present in this paper find their main motivation in a much 
wider research program that seeks noncommutative extensions of the Gelfand- 
Naimark duality [I]. Interestingly, these results have also many points in com- 
mon with and are potentially relevant to another area of research (which as far 
as our knowledge goes is disconnected from the first). This area belongs to order 
theory, algebra and logic, seeks representability results for classes of relation al- 
gebras, and its research program is well exemplified by [3j , where a certain class 
of relation algebras is concretely represented via groupoids. We believe that 
presenting our results in the spatial setting and making use of purely order- 
theoretic and topological techniques is useful in making the connections with 
this area more transparent and in making these results more easily accessible 
to its community of researchers. 

The paper is organized as follows: in Section 2 we give the basic definitions 
and properties of groupoids and quantales; in Section 3 we introduce our main 
groupoid setting of pairs {G, S) and their associated groupoid quantales Q{G, 5); 
in Section 4 we introduce the SGF- quantales: these quantales are to groupoid 
quantales what locales are to topologies. In the same section, a procedure is 
defined to associate a set groupoid G{Q) with every SGF-quantale Q. This pro- 
cedure is based on the incidence relation and its properties, which are detailed 
in Subsection 4.1. In Section 5 we introduce the spatial SGF-quantales, prove 
that this class includes the groupoid quantales Q{G, S), and that if Q is spatial. 
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then the set of units of GiQ) can be made into a sober space. In Section 6 we 
prove that the back and forth correspondence between spatial SGF-quantales 
and the pairs {G,S) is bijective. In Section 7 we explain in detail why, although 
it is not so by definition, this correspondence is compatible with the etale setting 
of [T^. In Section 8 we conclude with two concrete examples. 

2 Preliminaries 

2.1 Strongly Gelfand quantales 

A quantale Q [51 114) is a complete join-semilattice endowed with an associative 
binary operation • that is completely distributive in each coordinate, i.e. 

Dl: c-\J I = \J{c-q:q^I} 

D2: y I- c = \/{q-c:q el} 
for every c G Q, / C Q. Since it is a complete join-semilattice, Q is also a 
complete, hence bounded, lattice. Let 0, 1 be the lattice bottom and top of Q, 
respectively. Conditions Dl and D2 readily imply that • is order-preserving in 
both coordinates and, as V = 0, that c • = = • c for every c G Q. Q is 
unital if there exists an element e e Q for which 

U: e ■ c = c = c ■ e for every c € Q, 
and is involutive if it is endowed with a unary operation * such that, for every 
c,q <E Q and every / C Q, 

II: c** = c. 

12: {c-q)* = q* ■ c* . 

13: i\/ir =\/{q* -.qel}. 
Relevant examples of unital involutive quantales are: 

1. The quantale V{R) of subrelations of a given equivalence relation R C X x X . 

2. The quantale V{G), for every group G. 

3. Any frame Q, setting ■ := A, * := id and e := 1q. 

A homomorphism of (involutive) quantales is a map </3 : Q — 5- Q' that preserves 
V, • (and *). If Q, Q' are unital quantales, then if is unital if e' < (/3(e) and is 
strictly unital if ip{e) = e! . Notice that since every homomorphism is completely 
join-preserving, then (^(0) — (/?(V 0) = V ^ = 0- However, a homomorphism of 
quantales does not need to preserve the lattice top. For example, if i? C 5 are 
equivalence relations on X, then the inclusion V{K) 'P{S) is a strictly unital 
homomorphism of quantales that does not. If </5(lg) = Ig' then ip is strong. 
Let Q be a unital involutive quantale. An element / G Q is functional if 
f* ' f ^ ^ and is a partial unit if both / and /* are functional^. The set of 
functional elements (resp. partial units) will be denoted by J-{Q) (resp. X(Q))- 
It is easy to verify that e e I{Q) and X(Q) is closed under composition and 
involution of Q. Moreover, if / < 5 G X(Q) then f e 2{Q). 

Let Qe = {c & Q : c < e}. Qe Q I{Q), moreover, Qe is a unital involutive 
subquantale of Q. 

^If Q = ViR) for some equivalence relation i? C X X X, then functional elements (partial 
units) are exactly the graphs of (invertible) partial maps f on X. 
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Definition 2.1. A unital involutive quantale Q is strongly Gelfand (or an SG- 
quantalej if 

SG. a < a ■ a* ■ a for every a G Q. 

Recall that Q is a Gelfand quantale (see also [M]) ii a = a ■ a* ■ a ioi every right- 
sided element of Q (a G Q being right-sided if a = a ■ 1). It is immediate to see 
that every SG-quantale is Gelfand, and that /==/•/*•/ for every SG-quantale 
Q and every / e J'iQ)- We will simplify notation and write a • 6 as ab. 
A quantale Q is supported if it is endowed with a support, which is a completely 
join-preserving map : Q — > Qe s.t. <;{a) < aa* and a < (,{a)a for every 
a € Q. For every supported quantale Q, Qe coincides with (,Q and it is a 
locale with ab = a A b and trivial involution (cf. [T^ Lemma II. 3. 3]). It is 
immediate to see that every supported quantale is an SG-quantale. Therefore 
the item 1 of the following proposition shows that the fundamental property 
of supported quantales mentioned above generalizes to SG-quantales. Even 
more importantly, the items 3 and 4 of the following proposition show that 
the crucial connection between supported quantales and inverse monoids [121 
Theorem II. 3. 17.1] generalizes to SG-quantalef0: 

Proposition 2.2. For every SG-quantale Q, 

1. the subquantale Qe is a frame: in particular, involution * coincides with 
the identity, and composition ■ with A. 

2. For every f,g E J'(Q) such that f <g, f ^ g iff f f* ^ gg* ■ 

3. 1{Q) is an inverse monoi^ whose set of idempotents coincides with Q^, 
and whose natural order coincides with the order inherited from Q. 

4- The assignment Q I(Q) extends to a functor X from the category of 
SG-quantales to the category of inverse monoids. 

Proof 1. Let d < e. By SG, d < dd*d < ed*e — d* , and likewise, d* < d, hence 
involution is identity on Qe- If c < e, then cc = c: indeed, cc < ce = c, and by 
SG and the fact that involution is identity on Qe, c = cc*c — (cc)c < (cc)e = cc. 
Let di, d2 < e. Then dirf2 < die = di and did2 < ed2 = ^2, so did2 < di A c?2. 
Conversely, if c < di and c < d2, then c = cc < ^1^2, hence di A d2 < did2- 

2. By SG and since f < g implies f* < g* , g ^ gg*g < ff*g < fg*g < fe = f. 

3. By SG, ff*f = f and /*//* = /* for every / G X(Q). Hence, it is enough 
to show that the restriction of the product to the idempotent elements of I(Q) 
is commutative. This follows from item 1 above and from the fact that for every 
/ G AQ), // = / iff / < e: Indeed, if / < e, then by (1), ff = fAf^f. 

■^We thank Pedro Resende for pointing to our attention this interpretation of items 1 and 
3 of Proposition 12.21 

^An inverse semigroup (cf. _9_) is a semigroup such that for every element x there exists 
a unique inverse, i.e. an element y such that x = xyx and y = yxy. Equivalently, an inverse 
semigroup is a semigroup such that every element has some inverse and any two idempotent 
elements commute. An inverse monoid is an inverse semigroup with a multiplicative unit. 
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Conversely, if// = /, then /* = (//)* = /*/*, hence //* = //*/* < ef* - /*, 
and so f — ff*f < f*f < e. Since Qe C I{Q), this also shows that the set 
of idempotent elements of X{Q) coincides with Q^. Hence, the natural order of 
the inverse monoid I{Q) is defined as follows: f < g iS f = gh ioT some h ^ Qe, 
and therefore it coincides with the order inherited from Q. 
4. Every strict homomorphism of unital involutive quantales maps partial units 
to partial units, hence it restricts to a homomorphism of inverse monoids. □ 



2.1.1 A natural action 

For every SG-quantale Q, a natural actior0 can be defined of the inverse semi- 
group T{Q) on Qe'. indeed, for every / G I{Q) and every h ^ Qe let = f*hf. 
This is indeed an action of I{Q) because of the identity {h^)^ = h^^. 

Lemma 2.3. For every h ^ Qe and f e I{Q), 

1. hf = fhf and f*h = hf f*. 

2- Ifh< ff* then h = fhf f*. 



Proof. 1. Since / = //*/ and because the product is commutative in Qe, we 
get hf = h ■ {ff*)f = iff*) ■ hf = fhf . The second equality goes analogously 
2. Immediate. □ 



2.2 Groupoids 

Definition 2.4. A set groupoid is a tuple Q = {GQ,Gi,m,d,r,u,i), s.t. : 
Gl. Go and Gi are sets; 

G2. d,r : Gl Go and u : Go — ?■ Gi s.t. d{u{p)) = p = r{u{p)) for every 
P G Go; 

G3. m : (x, y) i— ;> xy is an associative map defined on Gi XqGi = {(x, y) \ r{x) = 
d{y)} and s.t. d(xy) = d{x) and r(xy) = r{y); 
G4. xu{r{x))) ~ X ^ u{d{x))x for every x G Gi.; 

GS.the map i : Gi — > Gi denoted as i{x) — a;"^ is s.t. xx^^ ~ u{d{x)), 
x~^x — u{r{x)), d{x^^) ~ r{x) and r{x^^) ~ d(x) for every x G Gi. 
The identities in G2-G5 can he equivalently summarized by saying that the fol- 
lowing diagram commutes: 



Gl xo Gl 




Example 2.5. 

1. For any equivalence relation R <Z X x X, the tuple (X, i?, o, tti, 7r2, A, ()^^) 
defines a groupoid. Of particular interest are versions of this examples where X 

*In 1131 (discussion before Lemma 4.5) a similar action is defined on the whole of a stable 
quantale Q on Qe = ?Q by the assignment (a, h) 1— > <;{ah), which makes Q into a ? Q-module. 
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is a topological space: for instance, the space of Penrose tilings O 0/ zs such 
an example and its associated groupoid is Stale. 

2. For any group (G, •, e, ()~^), the tuple ({e}, G, •, d, r, u, ()~^) is a groupoid, 
and the equalities G4 and G5 just restate the group axioms. 

3. The following example is a special but important case of the first one: every 
topological space X can be seen as a groupoid by setting Gi = Gq ~ X and 
identity structure maps. In this case, Gi Xg Gi = {{x,x) \ x X} and xx = x 
for every x G X . 

4. A groupoid can be associated with any actioi^ G x X ^ X of a group G on 
a set X , by setting Gi = G x X , Gq = X , and for all g,h G G and x,y E X , 
d{g,x) — X, r{g,x) = gx, u{x) — {e,x) (e £ G being the identity element), and 
{g,x) ■ {h,y) — {hg,x) whenever y = gx. 

5. To a group action as above, another groupoid can be associated, which is 
given by the equivalence relation R C X x X defined by xRy iff there exists 
some g £ G such that y = gx. 

Some useful facts about groupoids are reported in the following: 

Lemma 2.6. For all p E Gq, x,y € Gi, 

1. u{p)~^ = u{p), 

2. x = xx^^x and x^^ = x^^xx^^ , 

3. if xy~^ ,x~^y £ u[Gq\ then x — y, 

4- if X = xyx and yxy = y, then y — x~^ , 

5. = X, 

6. (xy)^^ — y^^x~^ . 

For every groupoid G, 'P(Gi) can be given the structure of a unital involutive 
quantale (see also [12] and [13] 1.1 for a more detailed discussion): indeed, the 
product and involution on Gi can be lifted to V{Gi) as follows: 

S-T — {x-y\x£S, y £ T and r{x) = d{y)} S* = {x^^ \ x e S}. 

Denoting by E the image of the structure map u : Go — ?■ Gi, we get: 

Fact 2.7. {V{Gi),[j, ■,{)*,£} is a strongly Gelfand quantale. 

Proof. SG follows from Lemma [2761 2. □ 

3 SP-groupoids and their quantales 

In what follows, a groupoid is a set groupoid Q — (Go,Gi) s.t. Gq is a sober 
spaccH. For every p 6 Go, let p denote the topological closure of {p}. The 
topology on Go will be denoted by r2(Go). We do not fix any a priori topology 
on Gi. 

^For any group G, a (left) action of G on a set X is a function ■ : G X X — > X s.t. for all 
g,h a G and x £ X, {gh)x = g{hx) and ex = x (e being the identity of G). 

^For every topological space X, a closed set C is irreducible iS C and for all closed 
sets Ki,K2, C C Ki U K2 implies that G C Ki or G C K2. A sober space is a topological 
space s.t. its irreducible closed sets are exactly the topological closures of singletons. 
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Definition 3.1. A local bisection of a groupoid Q is a map s : U ^ Gi such 
that d o s — idjj and t — r o s is anartial homeomorphism t : U V between 
open sets of Gq. A bisection imageu of Q is the image of some local bisection of 
Q. Let S{Q) be the collection of the bisection images of Q . 

Notice that since d o s = idfy, local bisections are completely determined by 
their corresponding bisection images. We will denote bisection images by S, T, 
possibly indexed, and their corresponding local bisections will be s,t, possibly 
indexed. 

Since Gi is not endowed with any topology, the local bisections according to 
the definition above are not required to be continuous, as is the case e.g. in 
[TOl [T3| . This design choice can be motivated as follows. First, there exists 
at least a topology on Gi w.r.t. which the local bisections of Definition 13.11 
are always continuous, and it is defined as follows: Let R C Gq x Gq he the 
equivalence relation induced by Gi and let tt : Gi i? be the map defined as 
7r(a;) = {d{x),r{x)); the open subsets of Gi are those of the form 7r~^[^], for 
any open subset A C R in the product topology inherited from Go x Gq. This 
topology is in general not even Tq. However, even if S is defined as the family 
of local bisections that are continuous w.r.t. some given topologies on Gq and 
on Gi, if the resulting topological groupoid Q is not etale, then the quantale 
Q{Q, S) in Definition 13 .81 below will contain the topology of Gi as a subquantale 
but will not coincide with it, nor will this topology be uniquely identifiable 
inside Q{G,S). So the topology on Gi is a piece of information that cannot be 
retained along the back-and- forth correspondence defined in this paper. On the 
other hand, the absence of topology on Gi allows for a greater generality: for 
instance, Gi can be taken as a set endowed with a measure (typically a Haar 
measure) and, correspondingly, the local bisections can be taken as measurable 
maps defined on open sets of Gq. This could be interesting in view of possible 
applications of this setting to the theory of G*-algebras. Also, not assuming 
any topology on Gi allows in principle for a greater choice of selection bases (cf. 
Example 13. 6|) . 

Finally, the groupoids as we understand them in this paper can always be 
made into etale topological groupoids, by endowing Gi with the topology gen- 
erated by taking the intersections of bisection images as a subbase. However, 
their associated inverse quantal frames turn out to be in general much larger 
than the quantales we associate with these (non topological) groupoids. The 
comparison with [13] . which we will discuss more in detail in Section 7, is based 
on a special case of this observation. 

The statements in the following proposition are well known for other settings 
and readily follow from the definition of bisection image: 

Proposition 3.2. For every groupoid Q and every bisection image S of Q, 

1. s{g) ci{v{Gi)). 

^Images of local bisections are sometimes referred to as G-sets (cf. 1111 ). However, since 
"G-sets" usually refer to sets equipped with a group action, we propose an alternative name 
here. 
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2. {S{Q), •, 0* , E) is an inverse monoid. 

Example 3.3. 1. Let {X,X x G) be as in Examvle \2.5\ A s.t. moreover X is 
a locally connected topological space and G a group with the discrete topology. 
Then the local bisections are the locally constant maps U G s.t. U C X is an 
open set. 

2. On the other hand, let R C_ X x X be the equivalence relation induced by 
the action of G as in Example \2. 5\ 5. If R is endowed with the quotient topology 
induced by the map {d,r) : G x X ^ R, defined by {g,x) i— ?> {x^gx), then the 
first projection tti : R ^ X is not necessarily etale. For example, let X = C 
and G = {z £ C \ z" — 1} be the group of the nth roots of the unity, for n > 2. 
Consider the action of G on X given by the product {z,x) i~> zx. Its induced 
equivalence relation is R = {{x,y) \ y = zx, z e G}. The relation R can be 
seen as a groupoid as in Examvle \2.5\ 1. For every z,w £G s.t. z ^ w consider 
the local bisections of R defined respectively by x ^ {x,zx) and x ^ [x,wx). 
Their images intersect only at (0, 0) S i?, so d : R ^ X is not etale. 

Definition 3.4. A groupoid Q = (Go,Gi) as above has the selection property, 
or is an SP-groupoid, if Gi is covered by bisection images. 

Given a groupoid Q, we can associate a unital involutive quantale witli ev- 
ery inverse monoid S C 'P{Gi): namely, the quantale defined as the sub join- 
semilattice of {V{Gi), IJ) generated by S. However, in our non etale setting, we 
may not be able to reconstruct back the inverse semigroup from the quantale. 
For this, we need the following new, stronger definition: 

Definition 3.5. A selection base for an SP-groupoid Q is a family S C S{Q) 

verifying the following conditions: 

SBl. S is a sub inverse monoid of S{Q); 

SB2. up] e S for every open set U £ il(Go); 

SB3. if {Si}i^i C S and Si ■ S* C E and S* ■ Sj C E for every i,j G I, then 

SB4. For every S,T E S , {p E Gq \ s{p) ~ t{p)} is the union of locally c/osecl 
subsets of Gq. 
SB5. S covers Gi. 

Selection bases are not in general topological bases, cf. Subsection 8.2 for an 
example. 

Example 3.6. 1. A continuous group action G x X ~^ X as in Example 
\2.5\ i gives rise to a canonical selection base consisting of the bisection images 
corresponding to local bisections Sg : U ^ Gi defined by the assignment x ^ g-x 
for any g E G. 

2. If Gq is a Ti space, then the family S{Q) of the local bisections is the greatest 
selection base. Notice that in this case the condition SB5 is trivially verified, 
since any subset of Gq is the union of its singleton subsets, which are all closed. 

* For every topological space X, a subset y C X is locally closed if Y = U nC for some 
open set U and some closed set C. 
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3. Let X he a Ti-space with a continuous group action as above, and let R be 
the equivalence relation induced by the group action, as in Example \3.3[ 2. Then 
the groupoid (X, R) has the following, in general distinct, selection bases: the 
one consisting of the local bisections of the form x ^ (x, gx) for those g & G 
s.t. the assignment x ^ gx defines a locally constant map, and S{R), which 
is given by local bisections of the form x i— )> {x,g{x)x), such that g{x) is not 
necessarily locally constant, but the assignment x ^ g{x)x defines a partial 
homeomorphism. 

Remark 3.7. The pairs [G^S) can be regarded as categories on the topology 
of Go, in the following way. Let Sg be the category having the elements of 
ri(G'o) as objects, and such that for every U,V & il{Go), Honi5g(t/, is the 
set of those s G S (identified with their associated local bisections) such that 
Q V . This category includes the frame VI{Gq) as a sub-category, and 
axiom SB3 says that the functor Hom^g (— , U) is a sheaf on D,{Gq). 
This observation paves the way to a generalization of the present results to a 
setting of quantales associated with sheaves on locales, which will be developed 
in [5]. Axiom SB4, which is needed in the present setting (see proof of Proposi- 
tion [^31), will be always true in the localic setting. Indeed the subspace where 
two elements of S "intersect" each other can still be defined, but any subspace of 
a locale is a join of locally closed subspaces, (cf. [1], chapter IX pp. 504, 505 for 
a discussion on the canonical subspace associated with a given local operator). 

3.1 Groupoid quantales 

Definition 3.8. For every SP-groupoid Q and every selection base S for Q, the 
groupoid quantalc (GQ for short) Q{Q,S) associated with the pair {G,S) is the 
sub [J-semilattice of'P{Gi) generated by S. 

In particular, the elements of Q{Q, S) are arbitrary joins of elements of S. 
Condition SB3 crucially guarantees that S can be traced back from Q{Q,S): 

Proposition 3.9. For every SP-groupoid Q and every selection base S for Q , 

1. s = i{Q{g,s)). 

2. Q{g,S)e^{u[U]\U &^{Go)}. 

3. P & Q{g,S)e is prime iff P — u[Go \ p] for some p e Go- 
Proof 1. 5 C I{Q{S,g)) immediately follows from S C S{g) C I{V{Gi)) (cf. 
Proposition Ol)- Let T e I{Q{S,g)), so T = [j{Si}tei for some collection 
{Si}iei Q S. Then for every i,j e /, S,-S* C T-T* C E and S*-Sj CT*-T C E, 
hence by SB3, T = U,gj Si e S. 

2. By SB2, if C/ e l^(Go), then u[U] G S and clearly u[U] C u[Go] so u[U] € 
Q(a,5)e. Conversely, let H e Q{g,S)e; then H C u[Go] and H = [Jiei 
some {Si \ i £ 1} C S . Let Si : Ui ^ Gi be the corresponding local bisections. 
Then Si C u[Go] implies that Si{p) = u{p) for every p G Ui, therefore H = u\U\ 

map / : X — > y is locally constant if for every x a X there exists some open neighbor- 
hood U ol X s.t. f{x) = f{y) for every y G U. 



9 



for U = {}{U, I z G /}. 

3. The prime eleraents of VL(Gq) are exactly the complements of irreducible 
closed sets, and by assumption Gq is sober. □ 

Example 3.10. 1. Let Q ^ {X,X x G) be as in Example lKM l. and let S be 
the selection base associated with all local bisections (the locally constant maps 
U ^ G s.t. U Q X is an open set). Q{GtS) coincides with the product topology 
on Gi = G X X and the resulting topological groupoid is Stale. 
2. On the other hand, let R <Z X x X be as in Examvle \3.31 2. and let S be 
the selection base associated with all local bisections. The observations in \3.3[ 2 
imply, by the results in '131 and the discussion in Section 7, that the groupoid 
quantale Q{R, S) is not an inverse quantal frame. 



4 SGF quantales and their set groupoids 

Definition 4.1. An SGF quantale is a unital involutive quantale Q satisfying 
the following extra axioms: 
SGFl. Q IS \J-generated byI{Q). 
SGF2. / = //*/ for every f G X(Q). 

SGF3. For any f,g £ I{Q) and h e Qe if f < h ■ 1 W g then f <h- fW g. 

Clearly, the first two axioms imply that every SGF-quantale is SG. Let us mo- 
tivate the axioms by showing that every groupoid quantale is SGF: 

Proposition 4.2. For every SP-groupoid Q and every selection base S of Q , 
Q{Q,S) is an SGF-quantale. 

Proof SGFl readily follows from S C I{Q{S,g)). SGF2 follows from Fact 
[2Jl For SGF3, let F, G G I{Q{Q,S)) and H G Q{Q,S)e. Proposition [SH 
implies that F, G are bisection images: let them correspond respectively to the 
local bisections / and g. From the same proposition it follows that H can be 
identified, via the structure map it, with some open subset h G ri(Go). Assume 
that F C iJ ■ 1 U G. This implies that for every x G dom{f), either x E h, 
hence f{x) G H ■ F, or x d dom{g), which implies, since dof = id = dog^ that 
f{x)=g{x). ' □ 

The remainder of this section is aimed at constructing the set groupoid associ- 
ated with any SGF-quantale. This construction is based on the incidence rela- 
tion, whose definition (Definition I4.5P and properties are given in the following 
subsection. 



4.1 The incidence relation on SGF-quantales 

Let Q be an SGF-quantale. For every / G I(Q) let d{ f) = //* and r(/) = /*/• 
The following lemma lists some straightforward but useful formal properties of 
these abbreviations: 
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Lemma 4.3. Let Q be an SGF-quantale, f, f',g 6 I(Q) and h,k E Qe- Then: 
1. d{hf) = hd{f) and r{fk) = r{f)k. 
2.1ff< g, then d{f) < d{g) and r{f) < rig). 
3. diff) = diry and riff) = r(/)/'. 
I rif)=dif)f and dif) = rifY' . 

Let Ve be the set of the prime elements of Qe (cf. t2j) i.e. those non-top elements 
p € Qe s.t. for every h,k E Qe, li h A k < p, then h < p oi k < p. Let 

I = Hp, /) G Pe X liQ) I p € Ve, dif) ^ p}. 

For every p £ Ve, p < e and p ^ e imply that d(e) = e ^ p, hence (p, e) G I. 
Moreover, ii f < g then dif) < dig) so (p, /) G X implies that (p, G I. For 
every h £ Qe, Qh = {k E Q \ k < h} is a subframe of Qe. 

Lemma 4.4. For every f G I(Q), 

1. the assignment h i— > = f*hf defines a frame isomorphism i)-^ : Qd{f) ~^ 
Qr(f), the inverse of which is defined by k k-^ = fkf*. 

2. The prime elements of Qd(f) correspond bijectively to the prime elements 
of Qr{f) via i)f. 

Definition 4.5. The incidence relation ~ on I is defined by setting 
iP, f) ^ iq, g) iffP^q and h^p and hf < pf V g for some h < dif) A dig). 

We will also alternatively write f g (read: f and g are incident in p) in 
place of ip,f) ^ iq,g). 

Remark. Let us interpret the incidence relation if Q = QiG,S) for some SP- 
groupoid Q and some selection base S: in this case, by Proposition 13. 9[ Qe 
can be identified via u with r2(Go), Ve can be identified with the collection 
{p^ I p £ Go} of the complements of the closures p of points p £ Go and 
liQ) — S. For all F,G £ T-iQ), let f,g be their associated local bisections: 
then F G iff there exists an open subset H of Gq s.t. H Dp (i.e., 
since p is dense in p, p G H), s.t. / and g are both defined over H and coincide 
over H Dp. Moreover, if Go is Ti, then Ve corresponds to the collection of the 
complements of points of Go and F '^{p}" G iff /(p) — gip)- 
Notice also that the relation f g may be defined by saying that there exist 
some /' < / and g' < g s.t. = dig') ^ p and /' < pf V g' . 

Proposition 4.6. 1. The relation is an equivalence relation. 
2- If f g and g < g' then f g' . 

Proof. 1. Reflexivity is obvious. Symmetry: hf <pf\/g implies h = hfxdif) = 
hdif) < pdif) V gf* hence h < pW fg* and so hg < pg W fg*g < pgV f. 
Transitivity: If hif < pf \/ g and ft.2<? l£ pg I then setting h — h2hi we get 
h ^ p, because p is prime, h < dif) A and 

hf = h2hif < h2pf V h2g < h2pfVpg V I < pif W g) W I < p ■ 1 V I. 
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Hence, by SGF3, hf < phf W I < pf V I. 
2. Straightforward. 



□ 



Lemma 4.7. For every SGF-quantale Q, let {p,f) G I. Then: 

1. there exists a unique q G Ve, denoted q — f[p], s.t. r(f) ^ q and pf ~ fq. 

2. For every h G Qe, if h ^ p, then h/ ^ f[p]- 

3. For every h € Qe, if h ^p, then d{hf) ^ p and r{hf) ^ f[p\. 

4- If f g then f[p] = g[p]. 

5. (/M,r)eXandr[/b]]=p. 

5- If (/[p]>5) G ^, then (p, fg) G I and fg[p] = g[f[p]]. 
7- //* ~p e and f*f ~/[p] e. 

Proof. 1. From the basic theory of locales, we recall that for every ^ h E Q^. 
p' is a prime element of Q/j iff p' = hp for a unique p G Ve s.t. h ^ p. By 
Lemma [1^ 2. p''^ is a prime of Qr{f), hence p''^ = r{f)q for a unique q G Pe s.t. 
r(/) i q. Therefore, by Lemma^l, pf = fpf = fp'^ = fr{f)q = fq. 

2. Let q = f[p\. Then pf — fq, so < q implies, by Lemma [2.31 1. that 
hf = fhf < fq = pf, hence hd{f) < pd{f) < p, and since p is prime and 
dif) ^ p, then h < p. 

3. Recall that d{hf) — hd{f ). Since p is prime and d{f) ^ p, then h ^ p 
implies that d{hf ) = hd{f) ^ p. Let k — (so, by Lemma [2.31 1. hf — fk); 
by item 2 we get that k ^ f[p\, and since f[p\ is prime and r(/) ^ /[p], then 
r(/i/)=r(/A:)=r(/)fc^/[p]. 

4. Assume that / g. Then there exists some h G Qe s.t. h ^ p, h < d{f)Ad{g) 
and hg < pgW f. Let 9 = /[p] and q' = .g[p], so pf = fq and pg = gq' , and 
let us show that q ~ q' . Our assumption implies that there exists some h G Qe 
s.t. h ^ p and /igg < pgq y fq ~ pgq y pf < p • 1 V pgq, hence by SGF3, 
hgq < p • /igg y pgq < pg ^ gq' . This implies that r{hg)q = r{hgq) < r{gq') = 
''"{g)q' < q'. Since q' — g[p] and ft, ^ p, by item 3 we get that r{hg) ^ g'. Hence, 
since q' is prime, r{hg)q < q' implies that q < q' . The proof that q' < q is 
obtained symmetrically, from g f. 

5. By item 2, d{f) ^ p implies that d{f*) = r{f) — d{f)f ^ /[p], which proves 
that (/[p],/*) e X. Let q — f[p]. In order to show that f*[q] — p, by the 
uniqueness of f*[q\ it is enough to show that qf* = f*p, which readily follows 
from pf = fq. 

6. Let q — f[p\. Then by item 5, p — f* [q] , hence d{g) ^ q implies by item 2 that 
d{f9) = d{gy' p, which proves that (p, f g) G X. Let 9' = g\q\, so qg = gq!; 
to finish the proof it is enough to show that pf g = f g(i'. since pf = fq, then 

pfg = f(19 = fm'- 

7. By assumption d{f) ^ p, so take h — d{f ): clearly h < d{ff*) A d{e) and 
hff* < e = p//* V e. The second relation follows from item 5 and the first 
relation in this item. □ 

Proposition 4.8. For every SGF-quantale Q, let f, f'g,g' G I{Q) and p G Ve. 

1- If f ^p9 and f --/[pj g' then f f ^p gg' . 
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2- f ^pg iff r ^f[p] g*. 

Proof 1. Let g = /[p] = g[p] and q' = f'[q] = g'[q\. Hence pf = fq, pg = gq, 
if = f'l' and qg' = g' q' . By assumptions there exist some h, h' G Qe s.t. h ^p^ 
h' iq,h< d{f) A /i' < d{f') A hf <pfVg and /i'/' < V g'. 

By Lemma l4Jl 5. p = = hence h' ^ q implies, by Lemma l47fl 2. that 

h'^' ^ p and h"^' ^ p, and so hh'^'h'^' ^ p. Let k = hh'^'h'^' : to finish the 
proof it is enough to show that k < d{ff') A d{gg') and kff < pf f V gg' . h' < 
d{f') imphes that k < h'^' < d{f')f' = d{ff'), and analogously k < d{gg'), 
from which the first inequality follows. For the second inequality, 

kff < hh'^'ff = hfh'f < pfqf'ypfg'y gqf'y gg'. 

Since gqf = pgf, then kff < p{fqf' V fg' V gf) V gg' < p ■ IW gg' . By SGF3, 
we get that kff < pkff V gg' < pff V gg'. 

2. Since p — f*[f[p]] it is enough to show the Icft-to-right direction. So let 
q = f[p]. By Lemma [4.71 5. qf* — f*p. By assumption, there exists some h G Qe 
s.t. h^p, h < d{f) A d{g) and hf <pf\J g. Let k = : then, by Lemmal4Jl2. 
k ^ q; moreover, h < d{f) implies that h-^ < d{f)-^ = r{f) — d{f*) and likewise 
k < dig*). Finally, kf = fh < f*p W g* = qf V g* . □ 

4.2 The set groupoid of an SGF-quantale 

Definition 4.9. For every SGF-quantale Q, its associated set groupoid Q{Q) is 
defined as follows: Gq = Ve and Gi = Xj moreover, denoting the elements of 
Gi by [p,f], the structure maps ofQ{Q) are given by the following assignments: 

d{[p,f])^P, r{[p, f]) ^ f[p], u{p)^[p,e], 
[P, f] [q, g] = [P, fg] only if q^ f[p] 
[pJ]-' = [f[p]Jl- 
Lemma 4.10. The structure maps above are indeed well defined. 

Proof. If (p, /) ~ {p' f) then p = p' , so d is well defined. Moreover, by Lemma 
14.71 4. f[p] = f'[p'], so r is well defined. Also by Lemma [4.71 4. it is straightfor- 
ward to see that if {p, f) ^ (p', f) and (g, g) ^ (q' , g') then [p, /] [g, g] is defined 
iff g = f[p\ iff q' = f[p'] iff [p' , g'] is defined; ProDOsition l4.8l l exactly says 

that the product is well defined. Likewise, Proposition 14.81 2 exactly says that 
the inverse is well defined. □ 

Proposition 4.11. For every SGF-quantale Q, Q{Q,) is a set groupoid. 

Proof. G2: Recall that for every p G P^, (p, e) £ I; then e[p\ — p hence 
d{u{p)) = d{[p, e]) =p = e[p] = r{[p, e]) = r{u{p)). 

G3: The associativity of the product readily follows from the definitions using 
LemmagJle. If g = /[p], then, by Lemma|4Jl6, r{\p, f][q,g]) = r{[p,fg]) = 

fg[p] = 9[f[p]] = g[q] = r{[q,g]). 
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G4: immediate from the definitions. 

G5: d([p,/]-i) = d{[f[p]J*]) = f[p] = r{[pj]); by Lemma|4Jl5, r([p,/]-i) = 
- rm?]] - P - d{[pj]). By Lemma 11217, [pj][pj]-' = 
[pJMpin = [Pjn = [pM = uip) = Likewise, p = 

implies that the product [p, f]^^[p, /] is weU defined and bv l4.7l 7 [p, f]^^[p, f] = 
[/[p],r/] = [/W,e] = u(r([p,/])). □ 



5 Spatial SGF-quantales and their SP-groupoids 

The last ingredient needed in G{Q) is a topology on Gq. For this, we need a 
condition on Q which guarantees Qe to be a spatial frame. The notion of spatial 
SGF-quantales that we are going to introduce in this section generalizes spatial 
locales, i.e. the locales that are meet-generated by their prime elements. 

Definition 5.1. For every SGF quantale Q and every [p, /] G 1/ r^, let 

I[pJ] = {g <^IiQ) \ d{g) <p or {p,g) 7^ {pj)} and /[p jj = ^ Z[p jj . 
Q is spatial if: 

SPQl. for every {p,f) Gl, f ^ I[pj]. 

SPQ2. For every a G Q, a ^ A{^[pJ] I < ^[pj])- 

It immediately follows from the definition that p G 2^[p./], hence p < I[pj\ for 
every (p, /) G I. It is also immediate to see that (p, /) ~ {p' , f) implies that 
\j] = ^[p',/']' that if g ^ I[pj] then g /. 

Lemma 5.2. For every SGF-quantale Q s.t. SPQl holds and every g G I(Q), 

9 < l[pj] ijfgel[pj]. 

Proof. The right-to-left direction is clear. Conversely, if 5 < ^[pj] ^^id g '^p /, 
then I[pj] — I[p,g] so g < /[p,g], i.e. g A I[p.g] = g, contradicting SPQl. □ 

An immediate consequence of this lemma is that if g ~p / then g ^ I[pj] (so 
indeed these two conditions are equivalent). Let us verify that the axioms for 
spatial quantales are sound: 

Proposition 5.3. For every SP-groupoid Q and every selection base S of Q , 
the SGF-quantale Q{Q,S) is spatial. 

Proof. Recall that I{Q{Q,S)) = S and the prime elements of Q{G,S)e are 
exactly those P — u[Gq \p] for p G Gq (cf. Proposition [SH]). For every F £ S, 
let / : J7/ Gi be its corresponding local bisection; in particular for every 
-ff G Q{G, S)e, its corresponding local bisection is the restriction of the structure 
map u to some open subset of Gq that we denote H as well. Then HF is the 
image of /|//, wherever defined. Moreover, 2^[p,f] (resp. I[p.f]) is (the union of) 
the collection of all the G G 5 corresponding to local bisections g : Ug ^ Gi 
s.t. either UgC]p = (i.e. p ^ Ug) or HG % PG U F for every open set H s.t. 

P G -ff C n C/g. 
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SPQl: Let P = u[Go it is enough to show that f{p) ^ I[p,f]- Suppose that 
f{p) G I[P,F]] then there exists some g such that G F and g{p) = f{p)- By 
SB4, p e HnC C {5 g Go I f{q) = g{q)} for some H open and C cfosed subsets 
of Go. Then H Hp C H n C C {q e Go \ f{q) = g{q)}. This means that g\H 
coincides with / outside of P. In other words, HG C PGUF, contradicting the 
hypothesis that G F. 

SPQ2: Let A G Q{Q,S) and let G G 5 s.t. G % A. Then g{p) ^ A for some 
p G Ug. Let P = u[Go \ p], and let us show that if F G 5 and F C A, then 
F G ^Tfp fj]: indeed, if F C A and p ^ Uj then /(p) ^ G{p), since by assumption 
^ J4, therefore F ^p G. By SGFl, this shows that ^ C I[p^g]- Since by 
Lemma [Ol G ^ ^[p,g]j then G ^ A{-^[Q.G'] I ^ ^ -^[q,G']}i which concludes the 
proof of the non trivial inclusion. □ 

Lemma 5.4. // Q is spatial then for every g G I{Q), 

9 = /\{hp f] I '^(•9) < P or {p,g) 7^ (p, /)}. 

Proo/. Let g G I(Q). By SPQ2 and Lemma [El 9 = f\{hpJ] I 5 ^ -^[p,/]} = 
MhpJ] I 5 e X[p,/]} = A{/b,/] I < P or (p,5) / (p, /)}. □ 

Proposition 5.5. // Q is spatial then Qe is a spatial frame. 

Proof. Let h ^ Qe and let us show that h — l\{p £ Ve \ h < p}. Since Q is 
spatial, then by LemmaEHl/i = A{h<i,g] \ h < q or {q,g) 9^ (q, h)}. 
Claim. U h ^ q, then for every g G I{Q) s.t. (17,(7) G X, if {q.,g) 7^ (9,^) then 
(9,5) 7^ (9,e). 

From the claim it follows that e < I[q.g] for every G X s.t. h ^ q and 

(9,5) 7^ ('?»■ Hence, 

h^hAe^ /\{I[q,g] Ae\h<qoi {q,g) r/^ {q, h)} = A e | /i < g}. 

Since for every {q,g) G X s.t. h < q there exists some p ^ q s.t. h < p and 
P < -'^[q.g] ) we can conclude that 

h< /\{pere\h<p}< Ae\h<q} = h. 

To finish the proof, we need to prove the claim: ii h ^ q and g e then there 
exists some k £ s.t. k ^ q, k < d{g) A e = d{g) and kg < qg W e. Let 
h' = hk: then ft,' ^ q, h' < d{g) A h and h' g < hqg V h < qgV h; this shows that 
g h. □ 

Proposition 5.6. For every spatial SGF-quantale Q, 

1. every element f G X(Q) corresponds to a local bisection of G{Q). 

2. Q{Q,) is an SP-groupoid. 

Proof. 1. By Prop 15.51 every h & Qe can be identified with the open set Uh = 
{p' €Ve\h^ p'} (cf. [2]). Then for every / G X(Q), the map s/ : Ud(f) X/ - 
defined by Sf{p') = [p',/] is a local bisection of Q{Q): indeed, do sf — id and 
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it readily follows from Lemma H77l 2 and 14.71 5 that r o Sf is open and its inverse 
is r o s/« which is also open. 

2. If [p, f] S X, then [p, f] belongs to the bisection image corresponding to the 
local bisection s / defined above. □ 



6 Spatial SGF-quantales are GQs 
6.1 The canonical map 

Definition 6.1. For every SGF-quantale Q, a : Q ^ T^{^/ ^) is defined by 

"(a) = {[PJ] I a ^ ^[pj]}- 
Theorem 6.2. For every SGF-quantale Q, 

1. a(Vi fli) — Ui CK('^i) for any family {ai\i € /} of elements of Q. 

2. if Q is spatial, then a is an embedding. 

3. a{ab) = a{a)a{b) for any a,b ^ Q. 
4- a{a*) — a{a)* for any a E Q. 

5. a(l) = Gi and a[e) — u{Gq). 

So a is a strong and strictly unital morphism of unital involutive quantales. 
Proof. 1. [p,f] G Uje/"(ai) iff ai ^ I\pj\ for some i e / iff Mi^iOi ^ /[pjj iff 

2. If a ^ 5, by SGFl and SPQ2, / ^ for some / e I[Q) s.t. / < a and 
some (q,g) 6 X s.t. b < I[q^g]- Then a ^ i-e- [Q,g] G Oi{a), and [q,g] ^ a{b). 

3. If a ^ I[pj] and 6 ^ /[^^g] then by SGFl, gi ^ J[pj] and ^2 ^ for 
some gi,(72 G X(Q) s.t. gi < a and 52 < Hence 171 ~p / and 52 ~ij 9 
and so if (7 = /[p] then by Proposition 14.81 1. 17132 ~p fg which implies by 
Lemma [5.21 that 31172 ^ ^[pjg\i i-^- [Pif9\ G 0^(9192) C a(a6). Conversely, if 
a6 ^ IipJ], then by SGFl 3132 ^ i^[p,/] for some 31,32 S X(Q) s.t. 31 < a 
and 32 < Hence 3132 ~p /. In particular, ^(3132) ^ P, which implies, 
since ^(3132) < d{gi), that ^(31) ^ p. So by Lemma l477l l. let q — f[p]: then 
P9i — .919- Let us show that ^(32) ^ 9: if not, then qd{g2) = ^(32) and so 
P3i32 = 91192 = 9iQd{g2)g2 = 3i '^(52)32 = 3i52, hence ^(3132) < p. From 

^ P and ^(32) ^ q we get [p,3i] £ 0(31) C a(a) and [9,32] S a(6). 

4. If a* ^ /[pj] then by SGFl, 3* ^ /[^ j] for some g e 1{Q) s.t. 3 < a. Hence 
3* ~p /, and so, by Proposition 14.81 2. 3 /* which implies by Lemma [521 
that g ^ i.e. [p,f]~^ & a{g) C a(a). Hence, [pj\ = G 
a(a)*. Conversely, if [p, /] G a(a)* then a ^ ^[/[p],/*]: then by SGFl 3 ^ ^[/[p],/*] 
for some 3 G 1{Q) s.t. g < a. Hence 3* < a* and 3 ~/[p] /*, and so, by 
Proposition 14.81 2. 3* '--^p / which implies by Lemma [5.21 that q* ^ ^[p/]i i.e. 
[pJ]ea{g*)Ca{a*). 

5. Since / ^ I[pj] for every (p,/) G I, then a(l) = {[p,/] | \/I{Q) ^ /[p,/]} = 
Gi. For the second equality, u{Go) C a(e) follows from e ^ /[p.e] for every p. 
The converse inclusion follows from the fact that e ^ ^[p./] by definition implies 
that [p,/] = [p,e]. ' □ 
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Proposition 6.3. For every spatial SGF-quantale Q, a[X{Q)] is a selection 
base ofQ{Q). 

Proof. We already showed (see prool of ProDOsition l5.6l) that for every / G X(Q), 
Sf : Ud(f) — i> "Pi^f ^) defined by Sf{p') — [p',f] is a local bisection of G{Q)- 
Let us show that s/[f/rf(j)] = a{f): [p,g] e Sf[Ud(j)] iff [p,g] Sf{p') = [p',f] 
for some p' e C^d(/) iff ~p / iff / ^ I[p,g] iff [p,g] G This shows that 

a[I{Q)] is a collection of bisection images oi Q{Q). 

SB2: In particular, for every h £ Qe, Sh[Ud(h)] = a{h). Moreover, notice that 
h ^ p implies that [p,h] = [p, e], from which it easily follows that s/i[J7ci(/i)] = 
u[Uh]. 

SBl: it readily follows from Theorem 16.21 and Proposition 12. 21 3. 

SB3: it readily follows from Theorem 16.21 3 and .4, and the fact that if {fi \ i £ 

/} C T(Q) s.t. fj* < e and < e then U,e/ f^ G I(Q). 

SB4: Let f,g e I{Q) and let p £ Ve he s.t. Sf {p) = Sg{p). So [pj] = [p,g], 

i.e. hg < pg \/ f for some /i G Qe s.t. h ^ p. Then, for every q £ Ve s.t. p < q 

and h^q,we get that hg < pg V f < qg W f , i.e. s/(g) = [g, /] = [g, g] = Sg(g). 

Since h can be identified with an open set of Go and p can be identified with the 

topological closure p of its corresponding point of Go (which we also denote by 

p) , this is enough to show that {p £ Go | Sf{p) — Sg (p) } is the union of locally 

closed subsets of Gq. 

SB5: Lemma [5 . 2 1 readilv implies that for every (p, /) £ I, [p, f] £ a(/). □ 
6.2 The correspondence 

Proposition 6.4. For every spatial SGF-quantale, 

Q(g(Q),a[I(Q)]) - Q. 
For every SP-groupoid Q and every selection base S, 

g{Q{g,s))^g. 

Proof. Let Q be a spatial SGF-quantale. Then by Proposition 15. 6[ g{Q) is an 
SP-groupoid, and by Proposition [531 Qf[2^(Q)] is a selection base of Q{Q). Then 
by definition Q{Q{Q),a[I{Q)]) is the sub IJ-semilattice of V{Gi) = V{I/ ~) 
generated by a[X(Q)]. Theorem 16 . 1 1 guarantees that Q is isomorphic as a unital 
involutive quantale to its a-image a\Q] and hence that Oi[Q\ is IJ-generated by 
a[I{Q)]. Hence by definition Q{g{Q),a[I{Q)]) = a[Q]. 

Let Q be an SP-groupoid and 5 be a selection base for Q. Then by Propositions 
14.21 and 15.31 Q{QtS) is a spatial SGF-quantale. Moreover, by Proposition 13.91 
X{Q{Q, S)) ~ S, Q{G, S))e can be identified with the topology n{Go), and since 
Go is sober, the prime elements of Q{Q, S))e bijectively correspond to the points 
of Go via the assignment p i~> u[Go \ p]. Since the prime elements of Q{G,S))e 
form the space of units of G{Q{G,S)), then the assignment defines the map ipo. 
Since 5 is a selection base, for every x £ Gi x — g{p) for some local bisection 
g : Ug ~^ Gi s.t. its corresponding G £ S and some p £ Ug. Hence (P, G) £ I. 
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Clearly, [P, G] = [P' , G'] for any local bisection g' : Ug Gi s.t. x = g'{p') for 
some p' S Ugt, so the assignment x n- [-P, G] defines a map t/Ji : Gi — >■ X/ ~. 
The map ipi is bijective: indeed, if (P, G) G I, thenp G Ug, so [P, G] = {pi{g{p)); 
moreover, if (pi{x) = [P,F] = (pi{y), then x = f{p) = y. The fact that {ipo,(pi) 
is indeed a morphism of groupoids is a standard if tedious verification. □ 

7 Comparison with the etale locaUc setting 

The aim of this section is showing informally that our bijective correspondence 
extends, in the spatial setting, the non functorial duality defined in [13| between 
localic etale groupoids and inverse quantal frames. In (13) inverse quantal frames 
are defined as unital involutive quantales Q which are also frames for the lattice 
operations, are generated by I{Q) and have a support, i.e. a completely join- 
preserving map ^ : Q — !> Qe s.t. ?(a) < aa* and a < <;{a)a for every a G Ql3- Any 
such quantale is shown to be isomorphic to one of the form 0{Q), for some localic 
etale groupoic0 Q = (Gi,Go). In particular, for any such its associated 
quantale is based on the frame 0{Q), on which the noncommutative product 
is defined by using the product of Q in the natural way. When Q is spatial 
(i.e. isomorphic to a topological groupoid), the back-and- forth correspondence 
in [13] can be equivalently described in the following way. Recall that a G-set of 
a topological groupoid is a subset 5 C Gi such that the maps d : S ^ Go and 
r : S ^ Go are both homeomorphisms onto open subsets of Gq. A G-sc10 S is 
therefore the image of a continuous local bisection s : U ^ Gi, for some open set 
U of Go. Then the inverse quantal frame associated with any etale topological 
groupoid (Gi,Go) can be equivalently described as the sub (J-semilattice of 
■p(Gi) generated by the G-sets of Gi. Conversely, if Q is an inverse quantal 
frame corresponding to some spatial etale groupoid (Gi,Go), then Go can be 
equivalently recovered as the topological space dual to the locale Qe, and Gi as 
the set of germs of elements of I(Q), i.e. as the set of the equivalence classes 
of the relation ^ on I{Q) defined as / ~ g if and only if hf = hg on some 
neighborhood h oi a. point p E Gq. 

To show that the spatial version of the correspondence in |13) is a special 
case of our construction, we make the following remarks. As we remarked early 
on, the notion of local bisection introduced in Definition 13.11 does not refer to 
any topology on Gi. However, if for some selection base S (Definition 13. 5p . the 
quantale Q{G,S) as in Definition 13.81 happens to be an inverse quantal frame, 
then this quantale defines a topology on Gi. To continue the discussion, the 
following lemma will be useful: 



-"^"it readily follows that for every / G I{Q), ?{/) = /*/, hence / = ff*f. 

^^A localic groupoid is a groupoid in the category of locales. Such a groupoid is etale if d is 
a partial homeomorphism. 

^■^For the sake of highlighting the difference between the bisection images as defined in 
Definition 13.11 and those of topological groupoids, in this section we will refer to the latter 
ones as G-sets. 
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Lemma 7.1. If Q is an inverse quantal frame, then for all f,g € ^{Q) and 
every p S Ve, "if f 9 then there exists some k < d{f)d{g) such that k ^ p 
and kf = kg. 

Proof. By assumption, there exists some h E Qe s.t. h ^ p, h < d{f)d[g) and 
hf < pf y g. Since Q is distributive, hf = phf V {hf A g). Let kf = hf A g. 
Since h = phV k ^ p, we get also k ^ p. □ 

Since I{Q{G,S)) — S (cf. Proposition I3.9p . the Lemma above imphes that S is 
a base for the topofogy Q{G,S). Then, notice that the elements of S are images 
of local bisections that are continuous with respect to the given topology of Go 
and the topology Q{G,S) on d: indeed, let F G 5 and let / be its associated 
local bisection. To show that / is continuous it is enough to check that for 
every basic open G £ S, f^^[G] E il(Go), i.e. that every p G /^^[G] has an 
open neighborhood that is contained in f~^[G]. But this is again guaranteed 
by the Lemma. Therefore, bisection images defined as in Definition 13 . II are G- 
sets according to the standard definition. Analogously, it can be shown that 
the structure maps of the groupoid (Go,Gi) are continuous, i.e. (Go,Gi) is a 
topological groupoid. By well known results in groupoid theory (cf. [llj , chapter 
I, Definition 2.6, Lemma 2.7 and Proposition 2.8) this topological groupoid is 
etale. 

Conversely, if Q is an inverse quantal frame, then it not difficult to see that 
Q is also an SGF-quantale. If Q is also a spatial quantale as in Definition 15.11 
then its associated groupoid quantale G{Q) (cf. Definition 14. 9p is defined by 
taking Gi as the set of equivalence classes [p, f] with respect to the incidence 
relation as in Definition 14.51 

Lemma l7. II shows that the equivalence classes [p, f] coincide with the germs 
of local bisections, as in Definition 13. 1) (at p), Also in this case, Q can be iden- 
tified with a topology on Gi , via the canonical embedding a (cf . Theorem 16. 2p , 
and by Proposition 16.31 q;[I(Q)] is a selection base; then axiom SB3 readily 
implies that a[I(Q)] is collection of all G-sets, according to the standard def- 
inition, i.e. every S G a[I(Q)] is associated with a continuous local bisection. 
Hence the construction of Gi from Q in [13] and in this paper coincide. As 
before, from the same results in [TT], the groupoid (Gi, Go) is etale. 

8 Examples 

In this section, we present two examples of groupoids arising as the equiva- 
lence relations induced by group actions on topological spaces, as described in 
Example [2312. 

8.1 Finite, not Ti and etale 

Consider the finite topological space X = (Go,il(Go)), defined as follows: 

Go = {pq,Pi,P2}, 
^{Go) = {Po = 0,H = {po},Pi = {P0,P2},P2 = {po,Pi},Go}. 
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So the opens are the down-sets of the partial order on the left, and the lattice 
of the topology is represented on the right: 




Pi\yP2 

r 

Po 




Po 



X is clearly not Ti. The prime elements of 0,{Gq) are exactly Pqi Pi and P2, 
hence X is sober. The group acting on X is G = {Lp,idx}, where {^p{pa) = 
Po,ip{pi) = p2,(p{p2) — Pi)- The equivalence relation induced by the action of 
G is then 



The collection of partial homeomorphisms X X consists of the restrictions 
to the open sets in r2(Go) of the maps ip and idx- For every H' G f2(Go), H'(p 
will denote the graph of the restriction of ip to H' . The collection of the graphs 
of partial homeomorphisms X X is 



X can be represented as the groupoid Q = {X,R); then S is the collection of 
the bisection images of Q and Q is SP. Then Q{G,S) is the sub IJ-semilattice 
of V{R) generated by S. Notice that for any two partial homeomorphisms of 
X the set over which they coincide is an open set of Gq; this implies that the 
intersection of the graphs of any two partial homeomorphisms is again a graph 
of a partial homeomorphism, hence S is the base of a topology on Gi . So (cf. 
[S], [13] > and the discussion in Section 7) G is etale and Q{G,S) is an inverse 
quantal frame. 

8.2 Finite, not Ti and not etale 

Consider the finite topological space X = (Go, fi(Go)), defined as follows: 



Go = {po,Pi,P2}, ^{Go) = {0,Pi = {P2},P2 = {pi},Po - {pi,P2},Gq}, 



So the opens are the down-sets of the partial order on the left, and the lattice 
of the topology is represented on the right: 



R = {(Po,Po), {Pl,Pl), {P2,P2), {Pl,P2), {p2,Pl)}- 



S = {H' = idH' I H' e r!(Go)} U {H<p, Pi^, P2V. V}- 



Go 
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X is clearly not Ti. The prime elements of n(Go) are exactly Pq, Pi and P2, 
hence X is sober. The group acting on X is G = {(f,idx}, where {fipo) = 
POi '^{pi) = P2, v{P2) = Pi), and the equivalence relation induced by the action 
of G is 

R = {(PO,Po), {P2,P2), {Pl,P2), {p2,Pl)}- 

The collection of partial homeomorphisms X ^ X consists of the restrictions 
to the open sets in ft{Go) of the maps (p and idx- For every H £ f2(Go), H(p 
will denote the graph of the restriction of (p to H. The collection of the graphs 
of partial homeomorphisms X — > X is 

S^{H^ idH I H e niGo)} U {Poip, Flip, P2ip, p}. 

X can be represented as the groupoid Q — {X,R); then S is the collection of 
the bisection images of Q and Q is SP. Notice that the set over which the graphs 
of if and idx coincide is {{po,po)}, which cannot be (nor contain) the graph 
of any (nonempty) partial homeomorphism since {po} is closed but not open. 
Hence, S is not a topological base. Therefore, (cf. [5], [T3| and the discussion in 
Section 7) Q is not etale and Q{Q,S) is not a distributive lattice. 
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